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PRELIMINARIES 

I This  i s  intended t o  be a semiannual s t a tus  report  of the NASA 

l 

a 

research grant number NsG-568 fo r  support of the research project 

en t i t l ed  Stochastic Models f o r  Multi-valued, Multi-dimensional Relationst1 

while the award of the grant was conveyed t o  the  pr incipal  investigator 

by Dr. Wilson, Chief of Mathematical Sciences Division, NASA, on 

October 10, 1963, the approximate beginning date of the project i n  the 

grant is designated as December 1, 1963. This report  covers an 

o f f i c i a l  period of approximately six months from October s, 1963, t o  

April 15, 1964. A t  the same time, it must be noted t h a t  the research 

work on t h i s  project  has been going on from about January, 1963, 

when t h e  idea was first conceived by the pr incipal  investigator. 

Consequently, this report represents the sum progress made on this 

project from January, 19633 the f inancial  statement f o r  the first 

quarter (January 1, 1964, t o  March 31, 1964) i s  being submitted 

separately by the  business manager of Kent S ta te  University. 

For the  sake of c lar i ty ,  the report  is divided i n t o  the  following 

partsr 

I. Background 

11. Product, Future Direction of Research, Current Research 
Act iv i t ies  

111. Abstracts of Research Papers 

IV. Appendices 
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I BACKGROUND A i i  CHRONOLOGICAL DEVELOPNENT 

. 

In  December, 1963, the principal investigator joined the faculty 

a t  Kent State  University, and i n  January, 1964, s ta r ted  working 

towards extensions and generalizations of some of the  r e su l t s  obtained 

i n  h i s  doctoral thes i s  en t i t l ed  "Stochastic Model f o r  a Binary Dyadic 

Relation, with Application t o  Group Dynamics". (Bhargava [ 13).  I n  

spite of def in i te  poss ib i l i t i e s  o f  fur ther  research (and important 

applications) using the approach put forward by the  pr incipal  investigator 

( tha t  is, studying time changes by means of changing directed graphs), 

the progress was rather  slow mainly due t o  lack of time, research 

assistants,  and other f ac i l i t i e s .  

investigator had found cer ta in  interest ing applications of h i s  model i n  

the  f i e l d s  of soc ia l  and biological sciences, 

and Kat2 [ 31). Furthermore, a graduate student, Nr. T. J. Ahlborn 

[ f o r  resume, see appendix IV*l], earning his way as an ass i s tan t  

instructor  i n  the department, f e l t  in terested i n  the theory of dfrected 

graphs and s ta r ted  working on his master's t hes i s  under the  supervision 

of the principal investigator. 

By March, 1963, t he  principal 

(Bhargava [ 23, Bhargava 

A t  t h i s  time it was f e l t  t h a t  the research work would be greatly 

f ac i l i t a t ed  i f  some f inancial  support could be found so as (i) t o  

enable the principal investigator and other research personnel t o  

devote more time t o  the project, and ( i i )  t o  f ind ways and means of 

arranging research meetings and discussions with other mathematicians 

working i n  the same or related fields.  Consequently,a proposal was 

submitted t o  NASA i n  April, 1963, while the research work was still  

being carried out within the limited time and resources available t o  

the  principal investigator. During the summer of 1963 the principal 

investigator attended the  Ins t i tu te  on ttInference i n  Stochastic 
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Processes” spchsored by the IMS and NSF a t  iiichigan State  University, 

supported by a research stipend under NSF grant number G-18976, A t  

Michigan State  University, Dr.  S. Db Chatter j i  [ for  resume, see 

appendix IV.23  showed a def ini te  in te res t  i n  the project and it was 

agreed tha t  Dr .  Chat ter j i  and the principal investigator should t r y  t o  

get together whenever possible t o  discuss the project further,  

In te res t  was a l s o  shown by D r ,  J. G a n i  [for resume, see appendix IV.33 

and Dr .  P, K, Doyle [ f o r  resume, see appendix IV,b]. (Out of these three 

people D r ,  Chat ter j i  has already spent a week at Kent State University 

and contributed a great deal towcyds the progress of the project by 

h i s  stimulating discussions and through h i s  work on related topic of 

tlcounting topologies!!. Professor Gani and Professor Doyle have 

promised t o  be with us i n  the l a t e r  pa r t  of this academic year.) 

The award of the grant i n  October, 1963, proved t o  be of great help 

and quickened the pace of the progress of the research. Arrangements 

were made t o  obtain release o f i k ,  T. J, Ahlborn from h i s  duties as 

an assistant instructor,  and he was appointed as a research ass i s tan t  

(effective January, 1964). iv .  C. H. Curtis, another ass i s tan t  

instructor  [ fo r  resume, see appendix 10.5 3 was  hired as the  other 

- .  

research assis tant ,  and the department agreed t o  release him also from 

h i s  dut ies  (effective January 1, 1964). Both iir. Ahlborn and bir. Curt is  

a r e  working on the project and hawe been supported by the project  

since then. 

Research Center, U,S. Arm, university of ulisconsin) from February 17 

t o  February 24, 1964, and spent the time a t  Kent State  University 

Dr.  S. D. Chatterj i  took a week off (from Ilathematics 

working on the project, H i s  contributionshave been very helpful, and he 

plans t o  continue working on the project, 

other experts i n  the f i e l d  of stochastic models and related f i e l d s  w i l l  

It i s  expected t h a t  a few 

a l so  visit us and spend some time on the project. 
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A s  a consequence of the above, the progress i n  the research has 

been rather  sat isfactory arxl some interesting and useful resu l t s  have 

been obtained, These are  described i n  the next part. 



. .  

11. PRODUCT, CURRENT RESEARCH ACTIVITIES, AND 

FUTURE DfRECTION OF RESEARCH 

The following may be described as some of  the important results 

obtained so far: 

A. A Link-up Between Directed Graphs (or simply, Digraphs) and 

Point-set Topology, Two research papers on this interest ing tie-up 

between the theory of digraphs and point-set topology have 

been prepared - one o f  which was presented (by t i t l e )  a t  

the jo in t  annual meetings of t he  AMs and IUA a t  M i a m i ,  

Florida, by the  principal investigator (To N, Bhargava) i n  

h m a q ,  1964, and the other is t o  be presented a t  the  

regional meetings of AMs at New York City jo in t ly  by the  

principal investigator (T. N. Bhargava) and one of the  

research ass i s tan ts  (T* J. Ahlborn) i n  April, 1964. It 

is believed tha t  t h i s  contribution is of far-reaching 

importance, opening an ent i re ly  new way of looking a t  

digraphs by associating topological spaces with the  

digraphs, and as a consequence making it possible t o  use the  

methods and mathematics of general topology i n  the  theory of 

graphs and digraphs. Abstracts of these two papers are 

given i n  the  par t s  111.1 and 111.2. It is proposed t o  

write the r e su l t s  of the above two papers i n  one j o i n t  

paper (by the principal investigator, T. N. Bhargava, and 

Mr. T. J. Ahlborn), and submit it f o r  publication t o  

Hathernatiw Annalen by June, 1964, 
SehC- 

B, Counting Topologies. To be able t o  exploit f u l l y  the topological 

spaces associated w i t h  digraphs, it i s  necessary t o  f ind 

methods f o r  counting topologies which i n  turn w i l l  enable us 
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t o  describe probabili ty distributions on the appropriate 

spaces. Dr. S ,  D. Chatterj i  has been able t o  develop 

such counting methods and h i s  results are  presented i n  

form of an abstract  i n  part 111.3. Dr. Chatterji expects 

t o  have it ready f o r  publication purposes by September, 

1964 

C, Most General Way of Describing a Graph and a Digraph. In  

developing stochastic models f o r  time changes i n  a 

multi-valued, multi-dimensional relation, the  first major 

problem t h a t  one encounters i s  tha t  of defining t h e  most 

general kind of digraph. This necessitates extension of 

the notion of the simplest kind of digraph which consists 

of no loops and a t  most one edge between any ordered pa i r  

of points, This i s  accomplished by defining a digraph as 

an ordered pa i r  with the set A as the first element and a 

subset E of the  product s e t  AxA as the second element, 

where E i s  defined as the  union of subsets Ei obtained 

by means of a par t i t ion P of the product set  AxA, 

such tha t  Ei n E is  empty f o r  every i j, and 

P 

P 

A. 1. j 
= U E.. Proper choice of par t i t ion  P gives rise t o  E~ i=i 1 

different  kinds of digraphs, and a suitab2e.function 

defined from an Index se t  I t o  itself yields  different  

f 

notions of connectivity. In  general, given a par t i t ion  P 

and a function f we g e t  what may be called as E - 
connectedness. 

P, f 
This idea is  being developed f u r t h e r  t o  obtain 

generalized digraphs with various types of connectedness, 

including a generalization of the oonnectivity and 

accessibi l i ty  c lass i f icat ion developed by the pr incipal  

investigator in h i s  ea r l i e r  work [ 11 



D. Random Graphs and Digraphs. Various interest ing poss ib i l i t i e s  

present themselves when one t r i e s  t o  study the  evolution 

of a random graph as f i r s t  studied by Erdos and Renyi [4]. 

We (the pr incipal  investigator and Dr .  S. D, Chat ter j i )  

are investigating a more general and possibly more 

f r u i t f u l  approach t o  the same. It consists i n  defining a 

random evolutionary graph as follows: 

point a t  random from a collection on N 

one f i rs t  picks a 

points and with a 

cer ta in  probabili ty one moves from tha t  point t o  another. 

This  obviously defines a directed edge. From the  point 

arrived at, one then moves t o  another point according t o  

the  probabili ty dis t r ibut ion which depends on the  previous 

points visited. 

have been visited before o r  v i s i t i ng  i t s e l f  is not excluded. 

The poss ib i l i ty  of repeating points t h a t  

There a re  two simple cases tha t  one should study. F i r s t ,  

the  case where the points are chosen i n  a E’iarkov sequence. 

One should notice tha t  t h i s  scheme is not quite the  same as 

the  schemes studied by Erdos and Renyi or i n  the other two 

papers referred t o  by Erdos and Renyi. A more general way 

of defining a random evolutionary graph which would include 

not only the  one j u s t  described but a l so  the ones contained 

i n  the previously mentioned papers seems t o  be as follows: 

one first chooses now a random subset from the  s e t  of a l l  

vertices,  and then one chooses another random subset which 

may be quite arbi t rary and then chooses a random mapping 

from the first chosen subset t o  the second, Next, one 

might choose a third random subset; the probabili ty 

dis t r ibut ion according t o  which t h i s  t h i r d  subset i s  chosen 

may depend on the first two choices. A random mapping i s  



again chosen between the second and the th i rd  subset, and 

then one might proceed t o  choose a fourth random subset and 

another random mapping between the th i rd  and fourth. Each 

random mapping defines a c lass  of edges, and so at any 

par t icu lar  stage one has a graph consisting of randomly 

chosen edges. One can study such things as the  nature of the  

graph after a certain number of stages; how many components 

it has; whether or  not it i s  connected; what o r  how many 

cycles there are; and what so r t  of trees it may o r  may not 

have. T h i s  formulation clear ly  contains a l l  the  previous 

formulations referred t o  above. 

E, Information Theory and Theory of Graphs (Digraphs). T h i s  Par t  of 

the  research project i s  concerned with an investigation of 

the different  link-ups between various purely mathematical 

theories through t h e  usage of the information concept, and 

of the important applications of the information- 

theoretic notions t o  the  f i e l d s  of probability, communication 

theory, and the theory of graphs. Although the concepbof 

information i s  a re lat ively new concept in the  domain of 

mathematics, i t s  use and applications i n  mathematics i tsel f  

and areas depending on the  probabi l is t ic  theories 

mathematics have been manifold and far-reaching. Specifically 

the purpose of the proposed research i s  t o  develop a 

sui table  notion of entropy of cer ta in  kinds of stochastic 

processw (which describe time-changes i n  a binary dyadic 

re la t ion over a f i n i t e  set of points; o r  equivalently 

time-changes i n  a directed graph o r  an incidence matrix) and 

its connection with a notion of t h e  entropy in ergodic theory. 

It is being carried out j o in t ly  with Dr. S. D. Chatterji. 
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. F. Historical  Survey of the Theory of Digraphs, There does not ex is t  

i n  l i t e r a tu re  any uniform treatment of the theory of digraphs, 

particularlj j  with a viewpoint of i t s  application t o  

probability and s ta t i s t ics .  

C. Wilson [ f o r  resum;, see appendix 111.6 and IV.73, two 

graduate ass i s tan ts  i n  the department, are trying t o  col lect  

all the relevant material i n  t h i s  f i e l d  and present it i n  a 

uniform namer under the supervision of the principal 

investigator. EJeither of them is supForted by NASA a t  present. 

i~rs .  Sigrid Ohm and idiss iiildred 

G, Digraphs and Weak Ketric, 

Problem: To investigate t h e  relation between the incidence matrix 

of a digraph r(A) on set A of points and possible weak 

metrics ( a  weak metric i s  a real-valued function d(a,b) 

defined over the s e t  of a l l  pa i r s  of elements of a set A 

such tha t  (i) i f  a = b then d(a,b) = 0, and ( i i )  f o r  a l l  

a, b, c i n  A, 

defined on the directed graph, 

d(a,b) + d(b,c) = d(a,c)) which may be 

Investigation of t h i s  problem has just  begun, and 

Elr. T, J, Ahlborn i s  working fur ther  on the same. 

t h i s  time we have considered directed graphs on only a f ini te  

s e t  of points. 

metric w i l l  enable us t o  study directed graphs containing 

any number ( f i n i t e  o r  in f in i te )  of points, 

expand and deepen o u r  understanding of the directed graph as 

a mathematical model. 

Up t o  

It appears a s  if the concept of a weak 

T h i s  would 
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111. Abstracts of Research Papers 

AND 

IV. Appendices ( Resume ) 



111.1 SOEJ RESULTS IN THEORY OF DIGRAPHS 

T. N, Bhargava 

Let r(A) be a digraph (directed graph) defined on the s e t  A 

consisting of N points, and l e t  s = { r ( a ) ,  a c A  3 be the s e t  

consisting of a l l  subdigraphs, on n points, of the digraph r(A). 

A par t i t ion  ;o = (nl,n 2,--=-,n ) defined on S i s  such tha t  each 
P 

member r(a) of S belongs t o  one and only one of the classes 

nl, n2,=---j-r 

par t i t ions  based on various notions of accessibi l i ty  (a point j 

said t o  be accessible from another point 

directed path from i t o  j )  are  presented; ident i f icat ion and 

counting theorems are  derived i n  terms of incidence matrix C(A) 

i s  an equivalent representation of r (A) i n  terms of a matrix. A 

topology 3’ i s  established on r(A) by defining r(a) t o  be o9en if  

none of the points i n  the subset a is accessible from any of the points 

i n  the subset A-a; it is  shown that  7’ has many well-known 

properties$ fo r  example it is a discrete space of Aleksandrov, Some 

interest ing r e su l t s  are obtained in  terms of the par t i t ions  TT and 

the topology 

(core of a point i 

open and closed s e t s  containing i ) ,  and the  fcore function’. 

s t a t i s t i c a l  r e su l t s  for  digraphs are obtained by introducing 

probabili ty measures on S, Finally a discussion o f  the general. 

case of graphs with colored edges i s  also presented, and some of the  

r e su l t s  f o r  the digraphs are extended f o r  the general case. 

and none of these classes is eqty.. In t h i s  paper, 
P’ 

i s  

i i f  there exists a 

which 

by introducing the idea of t h e  lcoret of a point 

i s  defined t o  be the intersection of the smallest 

Certain 

III,? DIRECTED GRAPHS AND POINT-SET TOPOLOGY 

T. N, Bhargava and T. J. Ahlborn 

Let A be a f ini te  set consisting of N points and le t  = {E] 

ll. 



* be the  family of a l l  subsets E of the Cartesian product A x A. 

The p a i r  (A,E) has three isomorphic representations i n  terms of: 

(i) an aggregate of binary dyadic re la t ions on the s e t  A; (ii) a 

directed graph (digraph) dA), and ( i i i )  an incidence matrix C(A) .  

By suitably defining an open or a closed set, every EEC determines a 

topology (A,?E) on A, where ?E = fB I B E  A and B i s  open with 

respect 

set A 

respect 

Various 

1 
is  T 

and if 

t o  E]. We find tha t  the topology (A,T ) determined by E on 

has complete additive closure. L e t  a set BE A be open with 

t o  E if for  a l l  i E (A=B), j E B, we  have < i ,  j> E (A x A ‘I, E). 

properties of such topologies are obtained, f o r  example: 

i f  and only i f  E =eBe Furthermore, if U = c (A,E) I E e’) 
S = f(A, E) I if 4,j > €E and 4 , k  > €3, then <i,k> E E 1 

E 

(A,Ta) 

(a digraph belonging to S is called a t rans i t ive  digraph), then 

the  mapping S .-) U, ((A, E) -. (A, T,,>, i s  a one-to-one mapping of s 

onto U, 

of the  points of s e t  A by means of t h e  I1core functiodl (see abstract  

number 64T-138, AMs Notices, February, 1964) are  investigated. 

Finally some properties of a topology induced on a part i t ioning 

111.3 COUNTING THE NUMBER OF TOPOLOGIES ON n POINTS 

S. D. Chatter j i  

Let n = 1, 2, 3, -4. A topology on Q is a collection J of 
n n 

subsets of Q such tha t  
n 

(2) A, B e ? + A  

L e t  t ( n )  = the number 

1Je have t r ied t o  solve 

nB c 7, A U  B c ? 

of d is t inc t  topologies on Q . n 
the problem of obtaining an analytic expression 

f o r  t(n).  

obtain cer ta in  inequalit ies for t(n). We have a l so  noticed a 

connexion with counting the numbers of  graphs of a cer ta in  type. 

The problem seems quite hard, and we have only been able t o  



It can be shown tha t  a topology on Cl can be specified equally n 
well by a mapping C from Q t o  P( $2 ) - the  power s e t  o r  set  of n n 
subsets of n o  The mapping C must have the following properties: n 

(1) For a l l  i e  Rn, i e C(i) 

(2) If j 8 C(i), then C(j) CC(i) 

C(i) can be thought of as being the  closure of the point ' l i l t .  That 

such a function can be used to establish a topology on 

ver i f ied by using the  Kuratowski closure postulates. The problem then i s  t o  

count the number of such mappings. Clearly C(i) can be chosen in 2 n-1 

ways, So t ( n )  2 

subsets on $2 ( c a l l  it a(n)) i s  c lear ly  less than o r  equal t o  t(n). 

Asymptotic expressions f o r  a(n) are known. Actually, a(n) can be 

written down expl ic i t ly  using number-theoretic partition-functions* 

may be n 

. On the other hand, the number of algebras of n(n-1) 

n 

Thus we 

have : 
n(n-1) 

Theorem: a(n) e 2 

(Note: The r.hrsr of the inequality i s  s t r i c t  except f o r  n 1 and 

2% The 1,h.s. i s  strict for n >le) 

It i s  known t ha t  (see Bharga- and Ahlborn [III.2]) one can set  UP a 

one-to-one correspondence between the topologies on Q and the  number 

of access ib i l i ty  digraphs on n(lvertices, 
n 

(An accessibi l i ty  digraph is one 

in which e i ther  two vertices are  joined by a directed edge or  e l se  there 

is no string of.properly directed edges connecting themo) 

Wany other problems of th i s  type of counting can be posed. For 

(there i s  only one T topology), 
TO' 1 

example, how many topologies are 

how many connected, how many non-homeomorphic, etc. 

proportion of topologies i n  0, x On are product topologies? We 

propose t o  go in to  these matters later.  

Further, what 
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